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The project

Master thesis: Is it possible to
teach Edwards curves before
general elliptic curves?

Including the history of such
curves.

Surprise!



N
£
F %
g a
2 &

§
7

"

-
UCL

Université

catholique
de Louvain

Faculté des Sciences

Courbes Elliptiques d’Edwards.

Cuvelier Edouard
Année académique 2009-2010

Promoteur: Professeur Jean-Jacques Quisquater
Lecteurs:  Professeur Frangois Koeune
Professeur Alphonse Magnus
Mémoire présenté en vue de 'obtention
dumaster en sclences mathématiques
par Edouard Cuveller.



Edwards (AMS-2007)

BULLETIN (New Series) OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 44, Muomber 3, July 3007, Pages 303422
5 0273-0879(07)01153-6

Article electronically published on April 9, 2007

A NORMAL FORM FOR ELLIPTIC CURVES

HAROLD M. EDWARDS

A NORMAL FORM FOR ELLIPTIC CURVES 305
ArsTRACT. The normal form 2442 = a2 +a2r2y? for elliptic curves simplifies
formulas in the theory of elliptic curves and functions. Its principal advantage

. 2 2 2.2 _
is that it allows the addition low, the group law on the elliptic curve, to be 2. THE ADDITION FORMULA FOR 27 +y° + 279" = 1

stated explicitly Euler's very first paper [5] on the theory of elliptic functions contains formulas
_1 M 1wz that strongly suggest! an explicit “addition formula” in the special case of the ellip-

o a 1+zyrly o 1-zyry _ tic curve 77 + y* + x®y* = 1. This curve, which becomes 2% = 1 — z* when one sets

The j-invariant of an elliptic curve determines 24 values of a for which the v = y“ + 12)1 was of great interest to Causs; the last entry of his famous Tagebuch

curve is equivalent to 2 + 42 = a? + a?x2y?, namely, the roots of (x® + 14z

+13 — T%(rs — )4, The symmetry in r and y implies that the two tran-
scendental functions x(t) and y(t) that parameterize 2+ yg =a’+ agrgy:’

relates to 1t, as does his reference to “the transcendental functions which depend
on the integral [ %" in Article 335 of the Disquisitiones Arithmeticae. In notes

in a natural way are essentially the same function, just as the parameterizing published posthumously in his Werke [6], Gauss stated explicitly the formulas Euler
functions sint and cost of the circle are essentially the same function. Such a had hinted at decades earlier, putting them in the form
parameterizing function is given explicitly by a quotient of two simple theta ' ,r ’ o
. . . sC + s'¢c oo’ — 8§
serieg depending on a parameter T in the upper half plane. (Q‘]} o e — 0= —
1 —ss'ed” 1+ ss'ed

Gauss's choice of the letters s and ¢ brings out the analogy with the addition laws
for sines and cosines. (The numerators are the addition laws for sines and cosines.)
He in fact defines two transcendental functions s(t) and e{t) with the property that
(2.1) expresses (5,C) = (s(f + '), c(t + t')) in terms of (s5,¢) = (s(t),c(t)) and

(s',¢/) = (s(t'), e(t')). The definition of s(t) takes the implicit form ¢ = [*") —22_

analogous to t = ;int Jld_%z" while c(t) = ﬁ(%; (with ¢(0) = 1) is analogous

to cost = /1 —sin” t (with cos0 = 1).

These remarkable Euler-Gauss formulas apply only to the specific curve s2 42 +
s2¢2 = 1, but they are a special case of a formula that describes the group law of
an arbitrary elliptic curve.




Giulio Carlo Fagnano (1751)

Web Images Maps Actualités Livres Traduction Gmail plus v

GOOg'E livres fagnano elliptic curves

Chercher des livres | Recherche Avancée de Livres

SR Table des matiéres = [« ] ]

Résultat 1 sur 1 dans ce livre pour fagnano elliptic curves

&= Lien [ Commentaires

Effacer la recherche
request of Catherine the Great.) Fagnano sent his Produzioni =]

mathematiche to the Berlin Academy. On December 23, 1751 these
results were put into Euler's expert hands [22, vol.XX, p. VIIJ.
(Much later, in the 19'th century, Jacobi described this day

as the "birthday" of the theory of elliptic functions [25,

p. 182].}) 1In the 1756/7 number of Novi commentarii academiae

scientiarum Petropolitanae [22, vol.¥X, pp. 58-79], Euler con-

sidered the differential equation
dx d
(1} — 5= —Y]T '
(1-x") (-y?
asserting that its solution is

2 2

(2) x~ +y" + (cxy)2 = c2

+ 2xy(1-chY,

Euler gives essentially the following demonstration [22, vol.XX,

p. 63): Differentiating (2) gives

(3)  xdx + ydy + ¢ xy (xdy + ydx) = (xdy +ydx) (1 -c)%,
Collecting like terms gives

(4) (x+eday oy -ct yax+ (v +exy - x1-chHMay = 0.

Solving (2) for y and x, by the quadratic formula, gives

UL IS FURFEEL IS | ey ig 1oy
(5) y _x(l=-c’) 5cél x ) ,and x = yli-c'} —g(l ¥yl
l+e™x l+c™y



Baxter, 1982, Academic Press

EXACTLY
SOLVED MODELS
IN STATISTICAL
MECHANICS

R.J.BAXTER

15,11 FaR Ak IRIZATION OF SYMMFTRES RIOUAIIRATI KELATE NS 471

13,10 Parametrizativn oF Symmed iy Riguoadratle Relatlons

To 1he Tsing, ciaht-vertex aed had hexagen models we nounnler syone i
biguadratic reladons, ul the form

ok =+ By o+ apT) 4 okt by = Zdey ~elr—) 1 00 (1RINS

Here v und » wre variables [complea oumben), snd @, b, e, d. £ Farc
given Gonskaiils.

Any such welation can zoovemently he parametrized in serms.of ellipnic
functons, Teo see this, first apply 1he hilinear trunsformalicgs

k= faxy+ i+ B, F o [ap = EC0 + 0D, (15202

where & f, ¥, & aoe nunbers (in peneral comples) sudl thar i = e In
wencral we cum chaoose @, 14 Saoas to make b aod ¢ vanish in [15.10.1),
and 5o that o = f = {Froeprionsl caiss con ansg, 20t these can he hendied
by taling wo apprapriste limit)] Dividiog (15,103} throogh by e, the
biguadcalic 18110 assumes Lthy sawonical form

x4 el |V 4 2day =1 (151030

Thit can be rowseded s o guadratic cquation oz v, s salution is
R AT S ey P S SR AT

The argument of fhe squars ooot s a yuirle: pelyaanial inoa. 1t can be
written ws u penzor wquate by traosforming, oo the variable x to the
varigble u, where

T hlanw, (15.10.3)

smae heing Lhe Jacabian ¢lliptic sn functivie ul arguane e s and modulus &
where

LA LT L eV [AERUX]
Using (154,47 sund (15.4.3), the arsumenl wf O square oot iz
ot = G+ + 5 '
— =l —so) (1 - EFsle) — - comndnie. (15,1070
Dicline a paramerer 7 by

e= k'), (L5 10.8)

Then From (15,1061 il fallaws chat we con chucse the sign of 7 60 that
4= engdnn(k 0 ik, {15, 10,50



Lessons

1) Read what you cite ©

2) Read papers and books from
other fields
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